In this paper, we consider the class of square metrics F = α + 2β + β 2 /α where α = a ij y i y j is a Riemannian metric and β = b i (x)y i is a one-form on a manifold M . Let (M, F ) be a Douglas-square manifold. We show that F is a Berwald metric if and only if it a weakly stretch metric. It results that, a Douglas-square metric is R-quadratic if and only if it is a Berwald metric.
Introduction
In 1929, Berwald construct an interesting family of projectively flat Finsler metrics on the unit ball B n which as follows F = (1 − |x| 2 )|y| 2 + x, y 2 + x, y 2 (1 − |x| 2 ) 2 (1 − |x| 2 )|y| 2 + x, y 2 .
(1.1)
He showed that this class of metrics has constant flag curvature [3] . Berwald's metric can be expressed as
where α = (1 − |x| 2 )|y| 2 + x, y 2 (1 − |x| 2 ) 2 , β = x, y (1 − |x| 2 ) 2 .
An Finsler metric in the form (1.2) is called a square metric.
Let (M, F ) be a Finsler manifold. In local coordinates, a curve c(t) is a geodesic if and only if its coordinates (c i (t)) satisfyc i + 2G i (ċ) = 0, where the local functions G i = G i (x, y) are called the spray coefficients. F is called a Berwald metric, if G i are quadratic in y ∈ T x M for any x ∈ M . In this case, there exists Γ i jk = Γ i jk (x) such that
The Douglas metrics are extension of Berwald metrics, which introduced by Douglas as a projective invariant in Finsler geometry. A Finsler metric is called a Douglas metric if G i = 1 2 Γ i jk (x)y j y k + P (x, y)y i , (1.4) where Γ i jk = Γ i jk (x) is a scalar function on M and P = P (x, y) is a homogeneous function of degree one with respect to y on T M 0 . Equivalently, a Finsler metric is a Douglas metric if and only if G i y j − G j y i are There are many connections in Finsler geometry [5] [11] [12] . Throughout this paper, we use the Cartan connection on Finsler manifolds. The h-and v-covariant derivatives of a Finsler tensor field are denoted by "|" and ", ", respectively.
Proof of Theorem 1.1
Let F = α + 2β + β 2 /α be a square metric on an n-dimensional manifold M , where α = a ij (x)y i y j is a Riemannian metric and β(y) = b i (x)y i is a 1-form on M . Define b i;j by b i;j θ j := db i − b j θ j i , where θ i := dx i and θ j i := γ j ik dx k denote the Levi-Civita connection forms of α. Let r ij := 1 2 (b i;j + b j;i ) , s ij := 1 2 (b i;j − b j;i ) , s i j := a ih s hj , s j := b i s ij , r j := b i r ij , s 0 := s i y i , r 0 := r i y i , r j0 := r ji y i , r 00 := r ij y i y j , s i 0 := s i j y j , where b i := a ij b j and (a ij ) = (a ij ) −1 .
To finding the relation between the Levi-Civita and Cartan connections of α and F , we put the difference tensor D i jk := Γ i jk − γ i jk , where Γ i jk and γ i jk denoted the Cheristoffel symbols of the Cartan connection of F and the Levi-Civita connection of α, respectively. The tensor D j ik is called the difference tensor which is computed by Matsumoto in [7] . Now, let ∇ k be the covariant differentiation by x k with respect to associated Riemannian connection. Let us put b i;j := ∇ j b i := ∂b i ∂x j − b r γ r ij , r ijk := ∇ k r ij , s ijk := ∇ k s ij .
(2.1)
We recall that the index 0 mean contraction by y i . For example r 0jk = r ijk y i . For a square metric F = α + 2β + β 2 /α, the following holds
where G i and G i α are the spray coefficients of F and α, respectively, and θ := 1 − 2s −3s 2 + 2b 2 + 1 , χ := 1 1 − 2s , s := β α and b 2 := ||β|| α = a ij b i b j (see [13] , [15] , [16] and [20] ). In [6] , Li-Shen-Shen characterized (α, β)-metrics with vanishing Douglas curvature. In particular, we will use the following.
3)
where τ = τ (x) is a scalar function on U .
By assumption, the square metric F = α + 2β + β 2 /α has vanishing Douglas curvature. Then, by Lemma 2.1, β is a close 1-form, i.e., s ij = 0. In this case, by (2.2) we get
Taking a vertical derivative of (2.4) yields
.
Multiplying (2.7) with y i implies that
On the other hand, the mean Cartan torsion of a square metric F = α + 2β + β 2 /α is given by
By (2.9) we have
(2.10)
By putting (2.7) and (2.8) in (2.10), one can get the following
where X, Y and W are listed in Appendix. By taking a horizontal derivation of (2.11) along a geodesic and contracting the result with b i , we get
By some computations, we get
14)
r 00|0 = A 4α 5 b 2 r 2 00 + 2α 5 r 2 00 + 4α 4 b 4 r 000 − 8α 4 b 2 βr 00 − 8α 4 b 2 r 0 r 00 − 6r 2 00 α 3 −18α 3 β 2 r 2 00 + 24α 2 β 3 r 2 00 + 4α 4 b 2 r 000 − 4α 4 βr 00 − 4α 4 r 0 r 00 − 12α 3 b 2 r 2 00 −12 α 3 β 2 r 00 − 6α 2 β 2 r 000 − 12α 2 b 2 β 2 r 000 + 20α 2 b 2 βr 2 00 + 12α 2 β 3 r 00 +α 4 r 000 + 12α 2 β 2 r 0 r 00 + 9β 4 r 000 + 10α 2 βr 2 00 +18αβ 2 r 2 00 − 30β 3 r 2 00 , (2.15) where
− 2α 4 r 0 r 00 − 4α 3 b 2 r 0 r 00 −2α 3 r 0 r 00 − 8α 2 b 2 β 2 r 00 + 4α 2 b 2 βr 0 r 00 + 6α 2 β 2 r 2 0 − 4α 2 β 2 r 00 +6αβ 2 r 0 r 00 + 9β 4 b i r i00 − 6α 2 β 2 b i r i00 + 6α 2 β 2 r 0 r 00 + 2α 2 βr 0 r 00 +α 4 b i r i00 − 12αβ 3 r 00 + 12β 4 r 2 00 + 2α 3 β r 2 00 + 12β 4 r 00 − 6β 3 r 0 r 00 . (2.16)
By definition of the Cartan connection, we have g ij|s = 0 and then g ij |s = 0. Therefore, we havē By assumption, F is a weakly stretch metricΣ = 0. Thus J i|k = J k|i . Contracting it with y k yields J i|k y k = 0 or J i|0 = 0. This equation is equivalent to that for any linearly parallel vector field u along a geodesic c, the following holds:
The geometric meaning of this is that the rate of change of the mean Landsberg curvature is constant along any Finslerian geodesic.
Since J i|0 = 0, then b i J i|0 = 0. Then by putting (2.13), (2.14), (2.15) and (2.16) in (2.12), we get
where A i (0 ≤ i ≤ 16) are given in the Appendix. By (2.17) we get where f = f (x, y) and g = g(x, y) are homogeneous functions of degree 2 with respect to y on T M . (2.21) implies that r 000 = h α 2 + k r 2 00 , (2.22) where h = h(x, y) and k = k(x, y) are homogeneous functions of degree 1 with respect to y on T M . Putting (2.22) in (2.20) yields r 00 = tα 2 , (2.23) where t = t(x, y) is a homogeneous function of degree 0 with respect to y on T M . By Lemma 2.1, the following holds
24)
where τ = τ (x) is a scalar function. We claim that τ = 0. On contrary, suppose that τ = 0. Thus by (2.24), we get 
This contradicts with the positive-definiteness of α. Then τ = 0. By considering (2.24), it follows that β is parallel with respect to α. Therefore, F reduces to a Berwald metric. 2 βr 0 r 00 − 38nb 2 βr 2 00 − 4nβ 3 r 00 − 8β 3 r 2 00 − 8nβ 2 r 0 r 00 − 2nβ 2 r 4 00 + 4b 4 βr 00 − 6nb 4 r 000 + 30b 2 r 0 r 00 − 4b 2 β 2 r 000 +6b 2 βr 0 r 00 − 8b 2 βr 2 00 − 2b 2 r 0 r 00 − 4β 3 r 00 + nβ 2 r 00 − 8β 2 r 0 r 00 − 2β 2 r 2 00 + 6βr 0 r 00 + 2nβr 2 00 − 3b 4 r 000 − 9b 2 βb i r i00 −βr 0 + 72nb 2 βr 2 0 + β 2 r 000 − 3nβb i r i00 + 36βr 2 0 + 6βr 0 r 00 + 2βr 2 00 − 4nr 0 r 00 − 18nb 2 βr 0 b i r i00 − 3βb i r 00 + 24b 4 β 3 r 00 +9b 2 r 0 − 12b 4 βr 0 + 8nb 6 βr 2 00 − 8nb 8 r 000 + 16nb 6 r 0 r 00 + 16b 6 β 2 r 0 r 00 − 8b 2 β 2 r 2 00 + 12b 6 βb i r i00 − nb 2 r 000 − b 2 r 000 r 00 −6b 2 βr 0 + b 6 βr 2 00 − 16nb 6 β 2 r 000 + 4b 8 r 000 − 4r 0 r 00 − nβr 0 + 16nb 4 βr 00 + 18b 2 β 2 r 0 r 00 + 54b 2 βr 2 0 + 4b 2 βr 00 − 8nβ 3 r 2 00 +4nb 2 βr 00 − 8b 6 βr 0 , i r i00 − 140b 2 β 2 r 0 − 16b 2 β 2 r 00 − 36b 2 β 2 r 000 − 14nb 2 βr 000 − 298b 2 βr 0 r 00 +18β 3 r 000 − 75nβ 2 b i r i00 − 22n β 2 r 0 − 8nβ 2 r 00 − 6n β 2 r 000 + 552β 2 r 2 0 − 8β 2 r 00 − 148β 2 r 2 00 − 86nβr 0 r 00 − 14nβ r 2 00 −60β 2 b i r i00 − 14βr 2 00 − 6β 2 r 000 + 28βr 0 r 00 + 38nr 2 00 − 48b 6 β 2 r 000 − 128b 4 β 3 r 000 + 156β 2 r 0 r 00 + 162nβ 2 r 0 r 00 − 22β 2 r 0 +232b 2 β 3 r 0 r 00 − 62nb 6 β 4 r 00 − 96nb 8 β 2 r 000 + 432n b 6 β 2 r 0 r 00 + 316b 2 r 2 00 − 48nb 2 β 2 r 000 + 256nb 2 r 2 00 − 68β 3 r 2 00 −48b 2 βr 2 00 + 48b 4 β 2 r 00 + 640b 8 β 2 r 00 − 96 b 6 β 2 r 0 r 00 + 108nb 4 β 2 r 0 r 00 + 12b 6 β 2 r 00 − 14nb 4 β 2 r 000 + 16 b 2 βr 000 −16β 3 r 0 − 312b 4 β 2 r 0 − 64nb 2 β 2 r 00 + 342n β 2 r 2 0 ,
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